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Anomalous localized resonance and cloaking
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Milton; Phys. Rev. B.,1994

o Milton and Nicorovici; Proc.
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Anomalous Localized Resonance

o Anomalous resonance: associated to the infinite kernel of a
non-elliptic PDO.

o Localized: Highly oscillatory+energy blowup+sharp bound-
aries between different regions

o Cloaking effect
o Surprisingly interesting: strong dependence on the source lo-
cation and connection to the spectrum of the Neumann-Poincaré

operator!

o Ammari, Ciraolo, Kang, Lee, and Milton; ARMA, 2013.



Transverse electromagnetic waves and Helmholtz system

(

V- (e(z)Vu(x)) + k2q(x)u(z) = flz) z € RY,

lim ||V <i -Vu — iku) = 0.

/G

|z|—+o00

Mathematical convenience:
i).g=1

i1). the loss parameter/regularization parameter is attached to ¢



Core-Shell-Matrix Structure and Electrostatics

o Core-Shell-Matrix structure (d = 2,3)
ec(x),  wEL
co(r) = es(z),  ze\E
em(z), xeRNQ.

\

es(x) = eo(x) +i0yp(z), zeR? d=2,3

e Plasmon constant: ¢ < 0 and 0 > 0 : loss parameter.

e Wave scattering in the quasi-static regime (nano-scale)



Wave pressure u(x) = ug(x) € C

{vx (e5(x)(Vaus(x))) = f(a), v e R
uz(z) =o0(1), d=2 O(|z|™h, d=3, ]| — +oo,

where f(x) denotes a source term that is compactly supported
in RN\ Q) and satisfies

- f(x)dx =0

e Cloaking due to anomalous localized resonance (CALR)
Eslul =9 Vu(z)|? de — +oo as § — 0,
O\D
and

lu(z)| < C for |z| > R,



Non-elliptic PDO with Nontrivial Kernel

e Non-elliptic PDO

Recall:
(ec(x), x €Y,
eo(z) = 4 es(@), x € Q\X,
em(x), o€ RN
\
with e < 0.

o Loy =0, (z) — +0 as ||z|| — +0. Nontrivial 1)?

e Ker(Le,) # 0: resonance can be induced



Spectrum of Neumann-Poincaré Operator

e Consider

<
60([12') _ {Cv ||£C|| Te,

1, ||| > re.

and Lep =0, 9(x)— 40 as |z| — +0.

e Integral ansatz

¥(z) = Slgl(z) = /8 0= y)ely) dsl)

e Match transmission condition on 05 :

K] = 2(6(:11)90 K* = 0,S[yp]

e The choice of cis critical!



Classical Plasmonic Structure

e Classical structure

1, x € By,
eo(z) =1 —1, x€ B \DBr,
1, r € R\B,,.
\

o Ammari, Ciraolo, Kang, Lee, and Milton; ARMA,2013.

e Two dimensions+radial geometry: requirement on the exact
spectral information of the Neumann-Poincaré operator.

e Can deal with: resonance and non-resonance+dependence
on source location+localizing and cloaking effects



e Critical radius: r* = \/rg’/m

e Extension to ellipse geometry.

e The classical structure fails! (Ammari, Ciraolo, Kang, Lee and
Milton, 2013)

(

1, x € By,
EO(ZC) = 9 _17 S BTG\BTw
1, r € RN\B, .
\

Indeed, —1 can be replaced by any negative constant ¢ !

o Kohn, Lu, Schweizer and Weinstein; Variational approach, CMP
2014.



o 3D plasmon resonance in electrostatics: Li, Li and Liu, SIAP,
2015.

e CRUX : negative c varies according to 9.
_1.

e Typical example: c(d) = —1 — n(J)

e CALR is sensitive to metamaterial parameters.



Plasmon Resonances with Finite Frequencies: Quasi-static Approximation

(Ando, Kang and Liu; SIAP,2016)

e Finite frequency regime

V- (e5Vug) + kug = f

e Two asymptotic processes:

o — +0 and k — +0.



Plasmon Resonances at Optical Frequencies
(Li-Liu, 2017)

e Neumann-Poincare operator

o\ 0 ik
(Khs,) o) =py. | 7-GHe —y)e(w)ds(y) = € 0Bg
G : fundamental solution to A + &2

T heorem

(KlgBR)* Yml(z) = Ay i RYm(2) . non self-adjoint
where
L . . 1 L . 1
Akt = 5= IR RS RRG (R) = =2 =ik R (kR)hyy ' (kF),
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and on the boundary 0Bp,

SgB D m]@j) Xm,k,R}m@Af), T € 5’BR,
R
where

) 1 )
Yoot = — ik R2hS (R R)ji (k).

e Core-shell-structure: a bit complicated, but can induce anoma-
lous localized resonance and cloaking.

(

V- (e(2)Vu(z)) + Kg@)ulz) = fz) =RV,
| (e VD2 ( Vu k) :0.

2] —+00 |z




with core-shell-matrix material structure
(€,9) = (€, 1)x(Br,) + (€5 +16, 1)x(Br,\Br,) + (1, )x(R™\By,).

o Newtonian potential of the source

F(z) = - Gz —y)f(y)dy = > Bujn(kr)Ya(2),
n=N

Theorem Suppose the source f(x) supported inside the crit-

ical radius 7y = 4/ k2r§ /r;  and its Newtonian potential F' satis-

fies the constraint. Then for any M € R, there exists ngp € Nt
such that if the plasmon configuration is chosen as follows

ES — _1 — 1/71(), EC — (1 + 1/77;0)2, and 5 — pno,



with| p = r;/r. , then &5 > M . Moreover, one has thatas M —

oo, ng — oo (or equivalently, ¢ — +0 ). That is, the config-
uration is resonant as § — +0. Moreover, when |z| > r2/r;,
the solution associated with the configuration described above
is bounded. That is, CALR occurs. If the source f(x) is sup-

ported outside the critical radius r« = \/k*r2 /r;, then plasmon
resonance does not occur.

e Similar results for 2D.

e Can hold for more general scenarios of 6 — 9y with 0¢ not
being zero.

e Metamaterial parameters can also be given in terms of Drude
or Lorentz models.



Plasmon Resonances in Elastostatics: Elastic Material Tensor

e Elastic material tensor

CAM(ZI?) = <CZ]]€Z<ZC)>?]]{ =1 T € Rd with d = 2, 3, be a four-
rank tensor such that
Ciint() = N)8;j0x + pu(2) (6,051 + 6161.), © € RY,

where A\, u € R.

e Strong convexity conditiond

>0 and A\ + 2p > 0.
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Plasmon Resonances in Elastostatics: Lamé System

e Plasmonic structure (Ando, Ji, Kang, Kim and Yu; EJAM, 2015)

(X(:E), ﬁ(:z:)) — (A(x) + 15)@, ), xeRY

(

+1, x € 2,

Alz) =4 Tel, re O\,
11, r € RNQ,
\

e Lamé system for us(z) € C¥n HE (RH)

loc

p
Ei,ﬁ%@) = f(:E), T € Rd,

§ Wsl- =ugly, Oy usl- =0y ugly on 9X UL,

us(z) = O([l=] 1) as [lz]| — +oo,
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where f = (fl){il e RN H~1 with (f;,1) = 0; and

o _ 5 o~ N L .
L5 5=V (C 5V u5> = fiAug + (A + H)VV - ug

1 L
and Viugs := §(Vu5 + Vu;{) . The conormal derivative (or trac-

tion) is defined by

9 - _
aulié =NV - uy)v + fi(Vug + Vul )y on 9% or 99,
\Ji

Oy 40 =



Plasmon Resonances in Elastostatics

e Bilinear Form

Py (uv) = /

Rd

[A(v W)V v)(z) + 2uViu ; W@:)} AV (z),

where for two matrices A = (a;;)¢;_; and B = (b;;)¢;_,

d
e Elastic Energy A:B= .Zl a;jbij-
0j=

0
E5<Cx’ﬁ7 f) ‘= §P)\,,u<u5> u5)7
which is the imaginary part of

1 _
_ S O~ S
5 RNV ug ¢ C)\ﬁv usdV.
E; signifies the energy dissipation of the elastostatic system.

12



Plasmon Resonances in Elastostatics

The configuration (Cs o f) is said to be resonant if

lim sup Eg(C5 -, f) = +oc.
0——+0 oH
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Plasmon resonances in elastostatics: our resulis

e Choice of plasmon parameter c to induce resonances.
e Dependence on the location and form of the source;
e Variational argument;

e Spectral properties of the Neumann-Poncaré operator in elas-
tostatics. (Non compact)
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Plasmon Resonances in Elastostatics: Variational Principles

e Decompostion
1
Us = Vg + 1-Wg,

0
e Decoupled PDE systems
Lxapuavs —Lapws =1,
£)\A>MAW5 + 52£}\7MV(5 = 0,
where

(Aalz), pa(e) = A(x)(A, p), = €R?

15



e Energy functionals
0 1

Is(v,w) = §P)\’M<V,V> + %PA’M(W,W) for (v,w)e S xS,
J )
J5<V7 ¢> = R3 f- ,‘70 o §P)\,,M<V7 V> o §P)\,,LL(¢7 ¢> for <V7 ¢> €S XS,

where the Banach space

u:O},

S = {u e HE (R*)?: Vu e LX(R?)> and i
Ry

endowed with the Sobolev norm for u = (u;)2;,

1/2
Julls = (/ anu?dm / quV) .

Ry



e Primal variational principle

Minimize I5(v, w) over all pairs (v,w) € § X S
subject to the PDE constraint £ , ,, , v — £y ,w =1

The infimum

inf {15(V,W); Ly yugV— LW = f}

is attainable at a pair (v5,ws) € S x §. The minimizing pair

(v, wg) verifies that the function uy := v +i6'wy is the unique
solution to the elastic problem and moreover one has

Es(us) = I5(vs, ws) < Is(v, w)

Can be used to show the non-resonance result!



e Dual variational principle

Maximize Js(v, 1) over all pairs (v,1) € S x S
subject to the PDE constraint £ , , % + L) ,v = 0.

The supremum

sup {J5(V, V) Ly, 0Ly v = 0}

is attainable at a pair (vg,v5) € S x §. The maximizing pair
(vs, s) verifies that the function ugs := v + it is the unique
solution to the elastic problem, and moreover one has

Es(us) = Js5(vs, s) > Js(v, 7).

Can be used to show the resonance result!



Trial functions: perfect plasmon waves

e Non-elliptic PDO and its kernel

Lrxyua® =0,
< ¢‘— :¢‘+7 al//\A”qu‘— :a’/)\A,,uA?’bh_ on aBR)
p(z)=O(z|~) as |lzf| = oo,

\

where

<
PR (R TS )
+1, |x|| > R.
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Trial functions: perfect plasmon waves

e Plasmon constants and infinite dimensional kernel (Li—Liu,
SIMA,2016)

Consider the above PDE system for a function ¢ € H} (R%)?:
R3 — R3. Let n € N and n > 2 be fixed and set

Cri=—l—- i 1

Cy ~(2n+2)((n = DA+ (3n — 2)p)

ST @22 DA+ 2+ 20— D))y

(2n? + 4n + 3)A + (2n° 4 6n + 6)p
2n((n +2)A + (3n +5)u)

(3= —
If

c = (1,
17



there exists a non-trivial solution v = 4, ;. € H] (R%)? as fol-
lows:

GoLkryY (7)), r <R,

RQTH—I

x p—
wn,k( > Gn,Cl,k T Yn(;ﬁ), r> R,

with G™0F =12 ... 2n + 1, satisfying

t717,—|-1 — 0 and t731—1 —

If

c = (o,

there exists a non-trivial solution ¢ = v, € H} (R%)? as fol-



lows:

?,Z (2= G”><2’k7“nYn(:ij) — ]\4%(7"2 — RQ)
n, —
2n+1 N -
\Gn,C2,k§n+1 Yn@f),

with G2:F k=12 ... 2n — 1, satisfying
t717,—|-1 — 0 and t731—1 # 0
li

c = (3,

there exists a non-trivial solution ¢» = @nk €

Hl

L (R%)% as fol-



lows:

anag&krnY,ﬂ(i’)’ i )
) D(n+2)
—|—1 n+1
¢n,k< ) Gn,(g,k]jtnﬂ Yn<:€) + ]-Cn(TQ _ RQ) +1D7($:r12)£€2 %Yn+2(
D(n+2)x3
\ |+l n+l i

with G635 k= 1,2, ... 2n + 3, satisfying

+17é0 and t’

n—1—
e How to get them?

Undetermined coefficients, highly tedious!



Various resonance and non-resonance results

The force term f(x) is a real-valued distributional functional
f — FH°|0B,, F:0B, —» R’ FelLl*dB,)° qeRy,

with zero average. The Fourier series expression of f is

oo [2n+1 2n—1 2n-+3
k k k
=2 | D2 maaG™ 0+ Y eaG O Y kGO | £
n=1 \ k=1 k=1 k=1

fil =Y, H*|0B,,
e = /a . [a#) GG Fas(2),
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Various resonance and non-resonance results

e Shell-Matrix Structure without a core
1. Resonance can occur if c is properly chosen depending on
f.
e Core-Shell-Matrix Structure with an arbitrary core
1. No resonance for any fixed c!
2. Resonance occurs if c is properly chosen depending on 6.

3. There is a critical radius r* = V R°.

19



Spectral properties of the Neumann-Poincaré Operator

e NP operator for elastostatics: D = B,

Kplel(x) = pv. [ o T(x — y)ply)ds(y),

where I' = (Fj,k)B. 1.1 is the Kelvin matrix of fundamental solu-
tions to the Lamé operator L), ,:

M0k 2 XX
dr x| 4m |x[]3

[p(x) =

with

_1(1+ 1 > . _1(1 1 >
=5 o 2u+ A 275 oo 2u+ M)

Non Compact!
20



Spectral system of the Neumann-Poincaré Operator in R*
(Deng-Li-Liu, 2017)

Theorem. The the eigenvalues of the operator K7, with D =
By, are given by, n > 1,
" 3
S )
n —3A+2u(2n? + 2n — 3)
&2 = 2N+ 2u)(4n? — 1)
03X —2u(2n% +2n — 3)
3 2N+ 2u)(4n? + 8n 4 3)’
and the corresponding eigenfunctions are respectively given by
P (%) =Vap V(%) x v,
By (%) = — VapYut (%) + nY (%),

pIm

2 (X) =VopY, 1 1(x) + (n+1)Y, 1 (x)v,

21



where Y, (x) with —n < m < n are spherical harmonics and
the operator V 5 denotes the surface gradient.

e Can be used to derive more accurate characterisations of the

plasmon resonances in R>, particularly the localizing and cloak-
ing effects.

e Ando, Kang and Miyanishi; polynomially compact, IMRN, 2017



Novel Elastic Plasmonic Structures
(Li-Li-Liu, 2017)

o (M) jil)) = (Alz)+i6)(\ ), =€ RY,

y

+1, T € 2,
Alx) =< ¢, € O\X,
L x e RAOQ,

e Strong convexity conditions

>0 and d\ +2p > 0.

e Clearly, both strong convexity conditions are violated.

22



Novel Elastic Plasmonic Structures
(Li-Li-Liu; JMPA,2017)

e Question : what’s the appropriate definition of negativity in
elasticity.

e Natural to conjecture : either one of the two strong convexity
conditions is broken, there exist certain plasmon structures that

can induce resonances.

e This is positively affirmed ! Furthermore, rigorously verified
the quasi-static approximation | and localizing & cloaking effects .

23



e Ongoing things:

1. Anomalous localized resonance and cloaking for elasticity
without the quasi-static approximation.

2. u = uy + us, shear and compressional parts.

Anomalous localized resonance and cloaking associated with
only one type of wave.
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