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The Multifrequency Electrical Impedance Tomography

The mathematical model:
The mfEIT forward problem is to determine the potential
u(-,w) € HY(Q) := {v € L?(Q) : Vv € L3(Q)}, solution to

=V (o(x,w)Vu(x,w)) = in Q,
o(x, w) Qo u(x, w)(x) = (X) on (“)Q (1)
Joq u(x,w)ds =0,

where Q is a bounded smooth domain, w € [w,®] denotes the frequency,
o(x,w) € L*>(Q) is the conductivity distribution satisfying

R(o(x,w)) >0 x€Q, we [w,v],
and f € Hé(aQ) = {g € H2(0Q) )i J50 & ds =0} is the input current.

¥ There exists a unique solution u € H*(£2) to the forward problem (1).



The Multifrequency Electrical Impedance Tomography

Experimental observation:

¥V The conductivity o(x,w) of many biological tissues varies strongly

with respect to the current frequency w within certain frequency

ranges. !

Vv Using homogenization techniques, effective biological tissue
electrical properties have been derived. The frequency dependence
of the conductivity reflects the tissue composition and physiology. 2
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1C. Gabriel, A. Peyman, and E.H. Grant. Electrical conductivity of tissue at

frequencies below 1MHz. Phys. Med. Biol. 54 (09).
2H. Ammari, J. Garnier, L. Giovangigli, W. Jing, and J.K. Seo. Spectroscopic

imaging of a dilute cell suspension. J. Math. Pures Appl. (16).



The Multifrequency Electrical Impedance Tomography

The mathematical model:
For simplicity we assume that o takes the form

o(x,w) = ko + (k(w) — ko)xp(x), w € |w, ).

V ko >0
is the conductivity of the background.
V xp(x) is the characteristic
function of a smooth inclusion D CcC Q.
V k(w): [w,w] = C\R_,
is a continuous not constant function
satisfying (R(k(w)) > 0). Then the set

Y = {k(w)w € [w, @]},

has an accumulation point in C2.
For example the empirical Drude model:

k(w) := Ky — 2

Figure: domain Q.

w2 + jwks’
where 1, > 0 are constants that depend on
the biological tissue.



The Multifrequency Electrical Impedance Tomography
mfEIT inverse problem:
The mfEIT inverse problem is to recover the shape and position of the
inclusion D from measurements of the boundary voltages u(x,w) on 92
forw € [w,w], 0 <w < w, that is

u(x,w)|sq, w € [w,w] — D

» A unique boundary voltage but for infinitely many frequencies: the
experimental setting is easy to implement.
» In general measurements can be taken on an open subset ' C 09.
EIT is cheap, noninvasive, portable, and allows continuous
monitoring of the conductivity.

Objective: to study the uniqueness and stability issues for inclusions
within a given set ©.

Assume 0 € Q, by = dist(0,092) and by < by. For § > 0 small enough,
¢ €(0,1), and m > 0 large enough, define D the set of inclusions:
X

D ={xecRY:|x| < T(%),% }ibo < T(R) < by — & || Tllczs < m.

K



The Electric Impedance Tomography

EIT with a single frequency.
k, ko are given, to find o(x) = ko + (k — ko) xp(x).

- Special geometries: Uniqueness for polygons (Friedmann and Isakov
[88]), Uniqueness for convex polyhedron (Barcelo, Fabes and Seo
[94], Uniqueness for balls (Kang and Seo [99]), Stability for disks
(Fabes, Kang, Seo [99], Bonnetier-T-Tsou [2017]) .

- Local uniqueness in a class of smooth shapes by linearizing around a
known shape (Alessendrini, Isakov and Powell [95])

- Small size inclusions: (Ammari and Kang [04]) Use the first
polarization tensor to reconstruct ellipse equivalent shapes.

- Estimating the volume of the inclusion (Alessandrini, Kang, Rosset
and Seo [98], Kang-Kim-Milton [11]).

- Uniqueness and stability estimates for the degenerate contrast cases
(k/ko — 0,00) (Bukhegeim-Cheng-Yamamoto [99], G. Alessandrini,
E. Beretta, E. Rosset, and S. Vessella [00]).



The Multifrequency Electrical Impedance Tomography

Multifrequency EIT
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- G.S. Alberti, H. Ammari, B. Jing, and J.K. Seo, SIAM J. Imag. Sci.
(2017).

J. Jang and J.K. Seo, Phys. Meas. 36 (2015).

- R. J. Yerworth, R. H. Bayford, B. Brown, P. Milnes, M. Conway, and
D. S. Holder, Physiol. Meas., 24(2), (2003).

E. Malone, G. Sato dos Santos, D. Holder, and S. Arridge. IEEE
Trans. Med. Imag., 33(2) (2014).
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Main results

The mfEIT inverse problem has a unique solution within the class ©, and
we have the following stability estimates.

Theorem (AT?3)

Let D and D be two inclusions in ©. Denote by u (resp. ii) the solution
of (1) with the inclusion D (resp. D). Let

€= sup |u— dl.
XEIN,WE[w,w]

Then, there exist constants C > 0 and 7 € (0,1), such that the following
estimate holds:

‘DAE‘ <C (m(gll))T (2)

Here, A denotes the symmetric difference and the constants C and T
depend only on f,Q, D, and ¥ := {k(w);w € |w,®]}.
3H. Ammari, F. Triki, Identification of an inclusion in multifrequency electric

impedance tomography, Communications in Partial Differential Equations, Volume 42,
(2017)




Main results

Theorem _
Assume that d = 2, and let D and D be two analytic inclusions in 2.

Denote by u (resp. i) the solution of (1) with the inclusion D (resp. D).
Let

€= sup |u— dl.
X€EIN,WE|[w,w]

Then, there exist constants C > 0 and 7' € (0, 1), such that the
following estimate

’DAﬁ‘ < ce”, (3)

holds. Here the constants C and 7' depend only on f,Q,®, and ¥.




Proofs
Sketch of the proof:

Vv Step 1: To understand the frequency dependence of the solution:
ulx,w) = ky tug(x) + ur(x, k(w)), x € 0Q

where k — ur(x, k) is a meromorphic function on C, and up(x) € H2(Q)
satisfies

Av=0 in D
Vv=0 in D,
Opv=1Ff on ONQ.

Tools: Spectral decomposition of the Poincaré variational operator.

¥ Step 2: To retrieve up(x),x € 9Q from u(x,w), w € [w, @], x € ON.
Tools: Rouché theorem; Unique continuation of meromorphic functions.

¥ Step 3: To reconstruct D from the single Cauchy data (uolagq, f)-
Tools: Unique continuation and the fact that the tangential derivative of
ug is zero on 9D.



The variational Poincaré operator
Let H(Q) be the space of functions {v € H'(Q); [, vds = 0}
endowed with the norm with finite energy semi-norm

Jully = [ 1Val o
Q

For u € H}(Q), we infer from the Riesz theorem that there exists a
unique function Tu € H1(Q) such that for all v € H1(Q),

/VTu-Vvdx:/Vu-Vvdx.
Q D

The variational Poincaré operator T : HX(Q2) — H(Q) is self-adjoint and
bounded with norm || T|| < 1.

The spectral problem for T reads as: Find (A, w) € R x H(Q), w # 0
such that Vv € H(Q),

)\/VW-VvdX:/VW-VvdX.
Q D

Integrating by parts, one obtains that any eigenfunction w is harmonic in
Q\ 9D, and satisfies

OuoW|5p, Opow = 0,

_ 1
W‘go = wlgp, aVDW‘gD =(1- X)



The variational Poincaré operator

Let £, the space of harmonic functions in D and D' := Q '\ D, with zero
mean [, uds(x) = 0, and zero normal derivative d,,u = 0 on 9Q.

Theorem
The variational Poincaré operator T : £, — $), has the following
decomposition
1
T==-1+K
2 5

where K is a compact self-adjoint operator.

The proof is based on layer potential techniques. One can show that
K : $s — Ho is compact if and only if the Neumann-Poincaré operator
K% - H7Y/2(0D) — H=Y/2(0D), defined by

L () (x—y)
pP0) = 5 1] T =y

o(y)ds(y),

is compact (which is the case for C1S inclusions).



The variational Poincaré operator

We denote by ()),~; the eigenvalues of T repeated according to their

n
multiplicity, and ordered as follows

1
0</\1_§)\2_§'~</\;:§,
in (0,1/2] and, similarly,
+ >\ + 1
1>M > A 2~-->/\OO:§.

the eigenvalues in [1/2,1). The eigenvalue 1/2 is the unique
accumulation point of the spectrum.

In dimension two, if Q = R2, we have )\j-” =1-) . 4

The eigenfunctions w form an orthonormal basis of £,.

4D. Khavinson, M. Putinar, H.S. Shapiro, Poincaré’s variational problem in
potential theory. Arch. Ration. Mech. Anal. 185, 1437184 (2007)



The variational Poincaré operator

Let w, n > 1 be the eigenfunctions associated to the eigenvalues

()\;),21. Then

fD |V w(x)|?dx

Al = min SH————
! 0£weD, [ |Vw(x)[2dx
2
A, = min 7fD|VW| dx’
n weHo\{0} fQ [Vw|? dx
ulw] owy
and similarly
o= max fD |Vw(x)[2dx
1 0£wens [ [Vw(x)|?dx’
2
At = max M.
n weﬁo\{oi fQ |VW|2 dx

WJ_WI+ ..... W



Spectral decomposition

Theorem
Let u(x,w) be the unique solution to the system (1).
Then the following decomposition holds:

u(x,w) = )+ Z ‘{ii_ Y k(w))ds(z)) wE(x), xe€Q,(4)
= kytug(x)+ Uf(k(Cd)7X), x € Q, (5)

where ug(x) € HX(Q) depends only on f and D, and is the unique
solution to

Av=0 in D,

Vv=0 n D, (6)
Opv=">F on 0N




Retrieval of the frequency dependent part

fi? )fk,,i (2)ds(z )Wni(X), x € 09,

wxw) = s tuo()+ Y0 0
n=1
where k* := k(1 — )\%) and they can be ordered as follows:

ki <k, <---<—ko<---<ky <k <O0.

Lemma A
There exists a constant 0 > 0 depending only on ® such that

~

[ Yn > 1.

n -

A forward computation shows rp :=infxcop X - vp(x) > Cp > 0. Using
Rellich’s identities® we obtain (Q = R?):

2
2
_c>o<—1—<rDJr ) < ki,
'p

mw;hmnihat ki — —oo for touching inclusions.
H 4 .

. Ammari and J.K. Seo. An accurate formula for the reconstruction of
conductivity inhomogeneities. Adv. Appl. Math., 30 (2003)-




Retrieval of the frequency dependent part

To apply the unique continuation for holomorphic complex functions we
also need the following bounds.

Theorem

Let D be an inclusion in ©. Then there exists a constant
C = C(D,Q, ko) > 0 such that

1

[|ur(x, k)|l coqan) < C ((1 + dwt(k[kl_o])) 1FCN 2 oy (7)

The constant C tends to +oo as 5 tends to zero.




Retrieval of the frequency dependent part

z)wt(z)ds
u(x,w) = Z fkiQ_:()\i(k ())ij IEO)) wE(x), xeoQ,

= ky tuo(x) + u,r(k(w),x), x € 09,

Theorem
Let D and D be two inclusions in ©. Denote by u (resp. i), the solution
of (1) with inclusion D (resp. D). Let

€= sup |u— dl.
xX€IN,wE(w,w)

Then, there exists a constant k > 0, that depends only on Q0,9 ko, and
Y., such that

sup lup — df| < Ce™, (8)
x€0Q,we(w,w)

where the constant C > 0 depends only on f,Q,®, and ¥.




Retrieval of the frequency dependent part

For x € 092 fixed
a(k) = ky tug(x) + ur(x, k),

is a meromorphic function with poles (ki),>1.
Similarly for x € 99 fixed, we have

a(k) = kg 'do(x) + r (x, k),

is a meromorphic function with poles (l;ni

of the inclusion D).

)n>1 (the plasmonic resonances

[e]
Let C be a Jordan complex contour with interior C; that contains
[0~ 0)UL.

o o
Let C_ be a Jordan complex contour in C, with interior C_ that

contains [73*1,0] and does not intersect ¥, that is, C_ N X = 0.

Finally, let C be a Jordan complex contour in Cy \ C_ such that
[-6-1,0] cC,and CNX = 0.



Retrieval of the frequency dependent part

Let w be a fixed frequency in (w,@). Since the poles (k¥),>1, (k¥)n>1

are inside 8 and k(w) lies in the exterior of C, we have
. 1 alk) — a(k)
k — k = — | ——“dk.
ur(x, k(w)) — de(x, k(w)) /c K — k(@) d

2im

Consequently,

|ur (x, k(w)) = dr (x, k(w)) (k) = a(k)llL=ey- (9)

1
< -
= dist(Z, C)

Now, define w(z) to be the harmonic measure of ¥ in Cy \ C_, which is

holomorphic in C; \ C_ and statifies w(z) =1 on ¥, w(z) =0 on
C_UC;.
Then the two-constants theorem implies

la(k) = @(k)| < MA=wRgwk)

for all k in Cy \ C— where M = maxkeco+\ci(|a(k)\ + |a(k)]).



Retrieval of the frequency independent part

Corollary

Let D and D be two inclusions in ©. Denote u (resp. i), the solution of
(1) with inclusion D (resp. D). Let

€= sup |u— dl.
x€EIN,WE(w,w)

Then, there exists a constant x > 0, that depends only on Q,% and ¥,
such that

sup |up — do| < Ce™, (10)
x€ON,wE(w,w)

where the constant C > 0 only depends on f,£2,® and ¥.




Retrieval of the Cauchy data
Lemma ( BCY?)

Let D and D be two inclusions in ©. Let ug (resp. ip) be the solution in
HL(Q) of (6) with inclusion D (resp. D), and assume that

0<e= sup |u— dp| < 1.
x€0N

Then, there exist constants C > 0 and . > 0, such that the following
estimate holds:

lto = Bolleo(a(oup)) < € (I(l)) | Y

Here, the constants C and . depend only on f,Q, and ©.
If, in addition d = 2, and the inclusions D and D are analytic, then we
have

luo — ﬁOHCO(B(DUB)) < CE“/, (12)

where the constants C and ' depend only on f,Q, and ©.
SA. L. Bukhgeim, J. Cheng, and M. Yamamoto. Stability for an inverse boundary
problem of determining a part of boundarv. Inverse Problems. 14 (1999).




Reconstruction of the inclusion

Theorem
Let D and D be two inclusions in ®. Let

€= sup |up — do-
x€EIN,wE(w,w)

Then, there exist constants C > 0 and T € (0,1), such that the following
estimate holds:

‘DAﬁ‘ < Cem, (13)

Here, A denotes the symmetric difference and the constants C and T
depend only on f,Q,D, and ¥ := {k(w);w € [w,]}.

Quantification of how up(x) is close to its constant value in D when
x — D",

7G. Alessandrini, E. Beretta, E. Rosset, and S. Vessella. Annali della Scuola
Normale Superiore di Pisa-Classe di Scienze 29 (2000).



Numerical results
We have two principal steps®:

> Retrieve up(x), x € 9Q from the spectral decomposition for
w € (Wp)i<pn, -

1
Mox 20 on>Ny+1, (A, —1/2).

n 27

Nx
1 2
~ kit E + —_ .
AP = R H PR RS KR AR T

» Reconstruct D from Cauchy data (uéi), ), i=1,2, on OQ:

2
1 i ;
50 =5 [ 5716 — el ().
i=1

where uf,';z_,as are the measured Dirichlet data corresponding to the
i-th Neumann data f; = x;, i = 1,2.

8H Ammari, F Triki, C-H Tsou, Numerical determination of anomalies in
multifrequency electrical impedance tomography arXiv preprint arXiv:1704.04878
(2017).



Step 1: Recovery of ug

We further assume that kg = 1.

Observation: Since 1/2 is the unique accumulation point of the
eigenvalues (A1) en+, we only consider the N first eigenvalues as
unknowns, and we approximate the others eigenvalues by 1/2. In fact it
has been shown in [MiyanishiSuzukil5] that if D is C# with 3 > 2 then
for any a > —23 + 3, we have

IAE —1/2] = o(n®), = n — +oc.

If the boundary of D is C* smooth, then the eigenvalues decay faster
than any power.

Recently the authors in [AndoKangMiyanishi16]° have shown the
exponential convergence of the eigenvalues in the case of analytic
inclusions.

Approximation: A\¥ ~ %, n>Ne+1,

where N¢ depends only the smoothness of the inclusion D

9K Ando, H Kang, Y Miyanishi, Exponential decay estimates of the eigenvalues for
the Neumann-Poincaré operator on analytic boundaries in two dimensions, arXiv
preprint arXiv:1606.01483, 2016



Step 1: Recovery of ug

We consider the N, frequencies of measurements wq, wy, -+ ,wp,. We
estimate arbitrarily the N, first eigenvalues, and we approximate the
others eigenvalues by % That means, we make the following
approximation, for x € Q, 1 < p < N,

N 1
u(x, wp) R Uapprox (X, wp) =uo(x) + nz:; 1+ )\nj:(k(wp) D Vni(x)
2
+ WVNAJFI(X)? (14)
where
Vo (x) = | f(2)wy (2)ds(z)w; (%),

a0

and



Step 1: Recovery of ug
Using a simple integration by parts, we get,

X w.) = k(wp) —1
toame % 8) (hop) 1)

uo(x) + f(x)

k(wp)+1
1 2

Ny
* ;( 1+ An(k(wp) — 1) k(wp) + 1)

where § is the solution to the system

Af=0 in Q,
Of="f on 092,
Joq fds = 0.

s (%), (15)

(16)

In [AlbertiAmmarilingSeo2017], they considered the following

approximation

Uapprox(Xawp) = f(X) + U(Xa wp)7

which is valid if k(w) ~ 1 or |D| is small.



Step 1: Recovery of ug

Our optimization algorithm:
1. Discretization of 0%, (x;)1<j<n,-

2. Give an apriori estimation of the eigenvalues A& € [0, 1] for
1 S n S N)\.

3. Minimizing the functional

1
Im(Uo, ViE, -+ V,t EZZM Xy Wp) — Uapprox(Xj, wp) |2

(17)



Step 2: Recovery of D

The second step of our algorithm consists in determining the inclusion D
from the knowledge of up on 99.

We assume that our domain D is star shaped and its boundary 9D can
be described by the Fourier series:

N

cos @
oD = {Xo + r(0) <sin9> |0 € [0;2m)}, r = ZN Cfa,  (18)
N
C_N+1
where C = , € R2N+1 £(0) = cos(nf) for 0 < n < N and
N

fo(6) = sin(n@) for —N < n < 0.



Step 2: Shape derivative

Let D. be the perturbed domain, which is given by
0D, = {X : X = x + eh(x)v(x),x € D}, (19)

where h € C1(OD) and v denote the unit outward normal vector. We
denote by u. the solution to (6) with D, instead of D.

Theorem
For x € 01,
u:(x) = up(x) + eup(x) + 0(82), (20)

where uy satisfy the following equation,

Aup=0 in DU(Q\ D),

Gu|_ =0 on dD,

Uply — up|- = —h%e, on D, (21)

% =0 on 09,

f&Q Uth' =0.



Step 2: Recovery of D

Our algorithm consists to minimizing the functional

=)
1/ ()2
== E |uo,p — ug’|"do,
2 Joa = ’

where g p is the solution to the inverse boundary problem, and u(()i)
means the measurement of ug|spq corresponding to the i-th Neumann
data, which is obtained from the first step.

1. Choose an initial domain Dy.

2. For each iteration, i > 0:

2.1

2.2
2.3

2.4

Calculate u; solution to (1) , associated to the domain D; for which
the boundary dD; given by (18).

Calculate the shape derivatives ng 6)(2 and 8J forall =N < n<N.
Update the parameters of the domain Xi;1 = X —aVx,J(Xi, C)
and C,'+1 =C — OéVCJ(X,', C,) with o > 0.

If the updated domain is not entirely in Q or if the boundaries
intersect, reduce the size of a.

3. When J(X;, C;) becomes smaller than a fixed threshold, we stop.



Numerical simulations

» We use FreeFem-++ © for our numerical experiments.
> Q is given by
2 2
- a centered ellipse defined by the equation: 3% 4+ 2 < 1.

- 00 = {[4 + 0.8(cos 8 + sin @) — (cos 20 + sin 26)](cos b, sin ), 0 €
[0,27)}.

» We use two linearly independent Neumann data: f; = (e;,v) and
f, = (ex, ), where (e, &) is the canonical base of R2.

» Only the first two eigenvalues in the representation formula are

taken into consideration, and we take )\f = %, Al = % and the
others equal to %

10F, Hecht, New development in FreeFem++ - Journal of Numerical Mathematics
(2012)



Numerical simulations

vV v v v

In the algorithm to reconstruct uy and the conductivity profile, the
initial guess of wg is the function f.

The initial estimation of domain D is a centered disk with a radius %
We consider the first 15 Fourier coefficients: N = 15.
We use P; finite elements for the numerical resolution of the PDEs.

At each iteration, we remesh the domain corresponding to the
updated position and shape of the inclusion.

The algorithms stop if J < 1075 or the number of iterations exceeds
500. In all the presented cases we have executed 500 iterations.



Numerical results
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