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Stiff Pber reinforced composite

| am too weak !
| wanna be
stronger!!




Stiff Pber reinforced composite

| am reinforced




Stiff Pber reinforced composite

Why am |
weaker than
before ?7?77?




Stiff Pber reinforced composite

%k Stiff bber-reinforced
composites have very low
strength in longitudinal she
and this has been explaine
high stress concentratioms
the narrow regions betwet
neighboring parallel bbers

%k Much attention has been
focused othe estimate for
high stress concentration

between adjoining fibers.
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Math Model

For any Harmonic functidn In

V- ((1 + En:(kz — 1)XDZ'> Vu) =0

u(x)! H(x)= O- % , asx " #

U : out-of-plane elastic displacemen

| U :stresstensor



Math Model

For any Harmonic functidn  in 2D R2

l u=0 in R?\ "D,
ou ou

k‘i — —
Ov— oD ovt

a'l o= Ut
I D; 1 D;
1
ux)! H(x) =0 — , asx"# .

IX]




Non-Stiff Fibers No Stress Concentration

ux)! H(x)= 0O % , asx " #

When inclusions' conductivitiesare away from zero and inbnityas been shown by
Li and Vogelius that
VU is bounded

even though the distance between the bbers is arbitrarily small.
[Y.Y. Li, M. Vogelius, Arch. Rational Mech. Anal., 153 (2000)]

It was generalized to elliptic systems by Li and Nirenberg.

[Y.Y. Li, L. Nirenberg, Comm. Pure Appl. Math., LVI (2003)]



Arcular inclusions

[Theorem]et
D1 = Bf,al (Cl), D2 — Bf,al (Cl)
01:(—7“1—%!, O), 62:(7‘2—'_%!, 0)
Then
) : (1# k1)1 # k») $_ 'l innarrowregion area
I u(x)] 1# L+ k)(L+ k) + | betweenDy am,
Whenky = ko =1 or0,

1

Vulx)| = 72 innarow egion res

[Ammari, Kang, Lim et al. [Math. Ann. (2005), J. Math. Pures Appl. (2007;]



Arcular inclusions

U= H+ Ry(H) + Ry(H)+
R2(R1(H)) + R1i(Rz2(H))+
R1(R2(R1(H)))+
R2(R1(R2(H))) + ac

Pros:Layer Potential or
Kelvin Transform
for disks

ConsOnly disks

[Ammari, Kang, Lim et al. [Math. Ann. (2005), J. Math. Pures Appl. (2007)]



Arcular inclusions

[Theorem]et
D1 = Bf,al (Cl), D2 — Bf,al (Cl)
01:(—7“1—%!, O), 62:(7‘2—'_%!, 0)
Then
) : (1# k1)1 # k») $_ 'l innarrowregion area
I u(x)] 1# L+ k)(L+ k) + | betweenDy am,
Whenky = ko =1 or0,

1

Vulx)| = 72 innarow egion res

[Ammari, Kang, Lim et al. [Math. Ann. (2005), J. Math. Pures Appl. (2007)]



Math Model for stiff Pbers

For any Harmonic functidn  dePned in 2 dimensions

! ’UJ:OiHRQ\(Dlu D2)

ux)! H(x)= O % , asx " #

u| = constant on each boundary 0D;
D;

d,uds =0
o0D;




Field Estimates




Inclusionwith arbitrary shapes

heorempssume thal); adds  with

" ¢2*+e poundaries, have the unique pair of t
approaching points on the boundaries.

Lower boundForH (z,y) =«

1
Vu(x)| 2 — forsomex
~Y \/E
Upper bounBor anyHd
‘VU( )| \/‘ foranyX

In the narrow region

CYun, SIAM J. Appl. Math. (2007)],
CYun, J. Math. Anal. Appl. (2009)]
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Inclusionwith arbitrary shapes

For any entire Harmonic funcHon
I 4 =0in R*\ (D;" Ds)

ux)! H(x)= 0O % , asx " #

u| = constant on each boundary 0D;
D;

1

q(x) =0 <—> , as Xx— 00
| o

! v q= l.g=1
1D, 1D,
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Inclusionwith arbitrary shapes

For any entire Harmonic funcfon
I 4 =0in R*\ (D;" Ds)

ux)! H(x)= 0O % , asx " #

u‘ = constant on each boundary 0D;
D;

= constant on each boundary" D;
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Inclusionwith arbitrary shapes

For any entire Harmonic funcfon
I 4 =0in R*\ (D;" Ds)

ux)! H(x)= 0O % , asx " #

u‘ = constant on each boundary 0D;
D;

d,uds =0
0D;

Then

f&Dl Oy(u— H)ds = f3D2 Oy(u—H)ds =0

= constant on each boundary" D;

0=, !+q(u! H)ds+ ,, 1+q(u! H)ds
= l.quds+  l.quds!  l.qHds+  1.qHds
1D, 1D, 1Dy 1D,
=ul —u —( 0,JHds + 8LQHdS>
D2 Dl aDl BDQ

18



Inclusionwith arbitrary shapes

For any entire Harmonic funcfon
I 4 =0in R*\ (D;" Ds)

[Fine Property ]

1
ux)! H(x) =0 — , asx"#
X| y

u‘ = constant on each boundary 0D;
D;

— 0,qHds + 0,qHds

Do Dy oD OD5

‘. ' |
{ ! = constant on each boundary" D; !
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Inclusionwith arbitrary shapes

| ]
! = constant on each boundary"D; %
7 1D /

[Fine Property ]

‘.?f 1 B _
q(x) =0 (|—X|) , as x— 00 u D, U b oD, 8LC_IHdS + . 0,qHds
[LemmaJAssuméhat «| —u| =+e
1
Vu(x)| 2 —=
e forsomex
‘Vu(x)‘ < i for any X

S In the narrow region

[YYLI et allYun], [Ammari, Kang et alf°



Inclusionwith arbitrary shapes

l1g=0inRA\(@:"D2) | [Fine Property]

i qi' 5 = constant on each boundary" D ;:-

Q(x):O(i), as x— 00 u — U = 8LQHdS—|— 0,qHds
f ) |X| D2 Dy 0D 0D5

[Example]Let Dy = B, (¢1), D2 = B, (¢1)

1
Then q(X) = 2T(Iog|x! p1l! log|x! p2l)

. . . | .

— rro — = rqr LA
pi= ! 2 r0 pp= 2 ——2'T0
ra+ro; rh+rp

ul, tul = H(pz2)! H(p1)

« 21



Inclusionwith arbitrary shapes

‘02 | [Fine Property]
i qi' o = constant on each boundary" D; L:-
| q(x):()(i)’ e ul —ul = [ 8,qHds+ [ 0,qHds
f ] |X| Do D+ 8D, 9D,

[Example]Let Dy = B, (¢1), D2 = By, (c1)

1
Then q(X) = 2T(Iog|x! p1l! log|x! p2l)

. . . L
— rro — = rr -
2 r0 pp= 2 ——2'T0

r{+rs ry+ro;

pr= !

ul, tul = H(p2)! H(p1)
= 2\/5\/ = 0,1 (0,0)ve + O(e) °

r1+ T2 ) 2




Inclusionwith arbitrary shapes

| ]
! = constant on each boundary"D; %
7 1D /

[Fine Property ]

= 0,qHds + 0,qHds
Dy 0D 0D5

), as x— 00

[Example]Let Dy = B, (c1), D2 Br, %Q_ kiow circular cases

/ _I () r —I—— y U o,
PR g O = T o el

7ax) = 5 (o palt Toglx! pal™

Y T, b T,
12 "7 g Dy = 5 12 “ v
r{+ro rh+ro S

pr= ! 2

o

< 23

— 2\/5\/ nr 0. H (O, O)\/E+ O(e) cT
1+ T2



Higher Dimensions

For anv entire Harmonic functibn
AﬂbzinﬂHQ”\lDltJLb
ux)! H(x)= 0O

|X|n! 1 asx " #

u| = constant on each boundary 0D;
D;

d,uds = 0

[Theorem]Bao, LI, Yin]

1
[3D] V()| ~ 5o
In the narrow region
[Higher] Vu(x)| ~ % ’

[Bao, Li, Yin, Arch. Rational Mech. Anal. 20091
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Higher Dimensions

For anv entire Harmonic functibn
Au = 0 in Rn\Dlu_DQ

ux)! H(x)= 0O XL asx " #
u|D. = constant on each boundary 0D;
d,uds = 0
oD;
[Theorem]
1 172
! X 11}
[BD] [ )] llog! r1 + o
1 rar In the narrow region
[Higher] 1 ux)" T—=

lrq{+ 1>

CLim, Yun, Comm. PDE. 2009]
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Multiple inclusions

[Theorem|Boa, LI, YIn[Comm. PDE 2010]

The known blow up rate for a pair of inclusions
Is still available for multiple inclusions
In any dimensions (> or = 2).

[2D] Vu(x)| =~ —=

[3D] V()| ~ —

[Higherl  |Vu(x)| ~ =




BigsmatBlginclusions

[Theorem][Lim, Yun, JDE, 2011]]

Il u]" #1T#1?fori:1, 2.




Stress Distribution

Color: abs(grad{u))

1 T T T T T 6
(
08}
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02
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2
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06+
1
-(
08|
K I | I | |
— -15 -1 05 0 05 1 15

28



Stress Distribution

1 q! = constant on each boundary" D; ;3

1

x|

Q(X):O<

), as Xx— 00

o | q= . g=1
1 ! I'D>
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Stress Distribution

uhip,! Ulip, q+h
o, ! 9| b,

1

x|

), as Xx— 00

. g = l.g=1

D> 30



Stress Distribution

y = U!DZ!U_
Q!DZ!Q.
| Yy = uhDZ
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Circular inclusions

“uhp,! Ulip
u= - : + h
qlip,! qlip, q
|y = uip, " Ulip, | ¢+ O(1)

dip, " 4] b,

1
q(x)= - (log|x! pa|! loglx ! p2l)
ul v Ul = H(py) — H(ps)

D> D,

172

— 2V/2 H (0,
f\/rﬁma (0,0)V% +0(c




Circular inclusions

| |
y = Ulp, : Uf
Q!Dz!q.
u n
gz Yoo o Ul | g+ O(1)

dhip," 9 p,

[THM] Circular inclusions

. | .
= MrMro - —
2

1,0

|
—_
=
—_
N

I

1,0 P2 =
rh+ro rp+ro

1 rarz X" p1 ., X" p2
bra+ry XU opaf® X" p2f?
[Kang, Lim, Yun] JMPA 201

pp= ! 2

+ O(]_) 33



Stress Distribution

y = U!DZ!U_
Q!DZ!Q.
| Yy = uhDZ
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Stress Distribution

-UID I Ui p
U= = . + h
qip,! qlp, q
|y = ulip, " U|ip, | ¢+ O(1)

dlhio,! 49ip, " 4slip,! 4z|ip,

1'q"! (g
| r1r2 1 X ! pl 1" X ! p2 . ||"/2
lu=2! uly uly 1+ 0O + O(1

[Ammari, Giulio, Kang, Lee, Yun] ARMA 2013 0



Stress Distribution

y = U!DZ!U_
Q!DZ!Q.
| Yy = uhDZ
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Stress Distribution

_ Uhp,! uip,

dho,! qlio,

I'Dy 'Dy
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Stress Distribution
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Stress Distribution

“ulip. ! ul
u: .D2 .D1 q_l_ h
9'p,! 9| b,
[Theorem]
_ 1 W X" p1 o, X" p2
!u_j D, N X" p1]? X" p2l? L+ 00+ oW

[Kang,Lee,Yun] Math. Ann. 2015
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Bow-tie structure (@




Bow-tie structur

1

X—l
|loge|| |

|! ul 11

X2+ 1

€
_Bj
ult | X - VT
| log €]
T Refer to Grisvard

B;



Bow-tie structure

U= clu)g+! e o= 2ot

alo0, — 49loq,

alaﬂl —_ alaﬂz.

(Aqg=0 inR2\ (D;UD,),

g=d; ondD;, j=1,2,
Oyqds = — d,qds = —1,
a1)1 6D2

g(X)=0(X|"") as|X]|— oo

= ! u=c(u)! g+ !!

42



N\

Bow-tie structure

U = C(U)q + I where ¢(u) := ulog, — ulag;

qla0, — qloa,

oloq, = olaq,-

(Aq=0 inR2\ (D;UD,),
gq=d; ondD;, j=1,2,

€
/ 0,qds = —/ 0,qds = —1, . <
3D1 aDZ
g(X) =0(IX|™) as |X]— oo

(An=0 in R?\ (D; U Dy),
n=0 on 8D, q = (qlaq, — dlaa,)n + dlaq,

{m=1 on 0Dy,

/ (Vn|2dzdy < oo.

\ JR?2 \D1 UDo

= Vq = (qlan, — qlan,) V.

43



N

Bow-tie structure

(An=0 in R?\ (D; U Dy),

n=0 on 0D,
n=1 on 0D, . €
/ IVn|2dzdy < oo.

\

R2 \D1 UD2
44

We estimate! ("X)




Bow-tie structure

(Anzo in Rz\(DlLJDz),
n=0 on 0D,
n=1 on 0D,

/ |Vn|2dzdy < oo.
\ JR2\D1UD>

= ¢+w is harmonic in R\ ('t UT'y)

N

with ¢+w =0 on 0I'y,
¢+ w=m/vy on O's.

I = the function to indicate the angle. &

(Aw =0 inIIt,

w=0 ondll"\ [-3,3] x {0},
11
272

_AN\

\Vw|?dzdy < oo.

\ JII+

¢($7 y) — ¢($, —y),

w(z,y) = w(z, —y).

45



Bow-tie structure

(An=0 inR2\ (D;UD,), . S
n=0 ondD;, ®+w is harmonic in R\ ('t UT'y)
|7t en ol with  ¢+w =0 on 0I'y,
Vn|?dzdy < . _
\/Rz\m| [ dedy < oo ¢+ w=m/vy on O's.
X
_emma] :

Vipg+w)(X)—a (VB —bVBy) (X)| <C

46



Bow-tie structure

(An=0 inR2\ (D;UD,), . S
n=0 ondDs, ®+w is harmonic in R*\ (I';UTg)
<’r]=1 on8D2, Wlth ¢+w:00narl’
Vn|2dzdy < oo. _
\-/R2\m| n|*dedy < oo ¢+’UJ—7T/’)’ Onarz.
o X
_emmal] 3

Vipg+w)(X)—a (VB —bVBy) (X)| <C

(¢ +w)(X) = ari(X)?* sin(B101(X)) + Z anr1(X)™" sin(nB101(X))

N\ B:1(X)

/F sin(B01)(6 + w)ddy > 0
1/2

(2P +1
™

a =
47



Bow-tie structure

( o 2
An=0 inR*\ (D1U Ds), . o )
n=0 ondDs, ®+w is harmonic in R*\ (I';UTg)
«m=1 on 0Dsy, with b+w =0 on ar;.
2
\/R2\mlvn| ddy < co. ¢+ w=m/vy on J's.
_emma]

V(id+w)(X)—a (VB —bVBy) (X)| <C

n(X) = 2 (¢+w) ('X) +v(X) P
for X I B\ D1" Dy

48



Bow-tie structure
_emmaj

Vipg+w)(X)—a(VBL—bVBs) (X) <C

n(X) =%(¢+’w) (7' X) +v(X) 6
for X | B,\ D;" D3

''gq=(dip, " dip,)!"!

ahp,! dip, "
J,qds =11
8D,

Vg = (glog, — dloo)Vn . 1 u=c(u)! g+ ! !

49



Bow-tie structure
[Lemma]

Vig+w)(X)—a(VBL—bVBy) (X) <C

n(X) = %(¢+’w) (7' X) +v(X) E
for X | B,\ D;" D3

[Theorem]
Vu(X) = o [(VO)(EX) + (Vu)(e 1 X)] + RX),
Vu(X) = q?égq (VBy — bVBs)(e"1X) + £(X), forX ! B,\D;" D,

[Kang, Yun, submitted]so



Bow-tie structure

1
| log €|

X~

|! ul 11
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Thank you



