
Blow-up estimates of the Þeld in a  
narrow region between  

two conducting inclusions

KiHyun Yun 
  

Hankuk Univ. of Foreign Studies, S. Korea 

supported by NRF 

based on joint-works with H. Kang, M. Lim and H. Lee. 

International Workshop The Neumann-PoincarŽ Operator, Plasmonics, and Field Concentrations, 2018

1



I am too weak !!! 
I wanna be 
stronger!!

Stiff Þber reinforced composite
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I am reinforced!! 

Stiff Þber reinforced composite
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Why am I 
weaker than 

before ??? 

Stiff Þber reinforced composite
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Stiff Þber reinforced composite

Stiff Þber-reinforced 
composites have very low 
strength in longitudinal shear  
and this has been explained by 
high stress concentrations in 
the narrow  regions between 
neighboring parallel Þbers. 

Much attention has been 
focused on the estimate for 
high stress concentration 
between adjoining fibers.
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Math Model
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 Non-Stiff Fibers No Stress Concentration 
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!
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When inclusions' conductivities       are away from zero and inÞnity, it has been shown by 
Li and Vogelius that 

 is bounded 
  

even though the distance between the Þbers is arbitrarily small.  
[Y.Y. Li, M. Vogelius, Arch. Rational Mech. Anal., 153 (2000)]   
It was generalized to elliptic systems by Li and Nirenberg.  
[Y.Y. Li, L. Nirenberg, Comm. Pure Appl. Math., LVI (2003)] 

ru
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[Theorem] Let    
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When

in narrow region area 
between         andD1 D2

in narrow region area 
between         andD1 D2

|⇤u(x)| � 1⇥
�

[Ammari, Kang, Lim et al. [Math. Ann. (2005), J. Math. Pures Appl. (2007)]

k1 = k2 = ! or 0,

Then

Circular inclusions
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D1
D2

!

[Ammari, Kang, Lim et al. [Math. Ann. (2005), J. Math. Pures Appl. (2007)]

u = H + R1(H) +R2(H)+

R2(R1(H )) + R1(R2(H ))+

R1(R2(R1(H )))+

R2(R1(R2(H ))) + á á á

Pros:  Layer Potential or  
         Kelvin Transform  
         for disks

Cons: Only disks

H

Circular inclusions
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Math Model for stiff Þbers

For any Harmonic function      deÞned in 2 dimensions H

u(x) ! H (x) = O
!

1
|x |

"
, as x " # .

! u = 0 in R2 \ (D1 " D2)

u
���
Di

= constant on each boundary �Di

Z

⇥Di

��uds = 0 D1
! D2
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Field Estimates

D1
! D2

! u
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Inclusions with arbitrary shapes 

[Theorem] Assume that        and        with                  
           boundaries, have the unique pair of the 
approaching points on the boundaries. 

[Yun, SIAM J. Appl. Math. (2007)],       
[Yun, J. Math. Anal. Appl. (2009)]  

D1

! D2

D1 D2
C2+↵

Lower bound

|⇥u(x)| & 1�
�

for some

|⇥u(x)| . 1�
�

x

Upper bound

for any        

 in the narrow region 
x

H(x, y) = x

For anyH

For

15



H

D1

! D2

⌫

⌫

Very 
Important!!
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Inclusions with arbitrary shapes 
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For any entire Harmonic function H
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For any entire Harmonic function H

D1

! D2

Then
R
⇥D1

��(u�H)ds =
R
⇥D2

��(u�H)ds = 0

0 =
!

! D 1
! " " (u ! H )ds +

!
! D 2

! " " (u ! H )ds

=
!

! D 1

! " " uds +
!

! D 2

! " " uds !
" !

! D 1

! " " Hds +
!

! D 2

! " " Hds
#

= u
���
D2

� u
���
D1

�
✓Z

⇥D1

⇥��Hds+

Z

⇥D2

⇥��Hds

◆

! ! = 0 in R2 \ (D1 " D2)

�(x) = O

✓
1

|x|

◆
, as � ⇥

!
!

! D 1

! " " =
!

! D 2

! " " = 1

!
!
!
!
! D i

= constant on each boundary " Di

x

u(x) ! H (x) = O
!

1
|x |

"
, as x " # .

! u = 0 in R2 \ (D1 " D2)

u
���
Di

= constant on each boundary �Di

Z

⇥Di

��uds = 0

Inclusions with arbitrary shapes 
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[Fine Property ]
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Inclusions with arbitrary shapes 
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[Fine Property ]
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[Fine Property ]
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Inclusions with arbitrary shapes 
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[Fine Property ]

D1 D2!
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Higher Dimensions

D1

! D2

For any entire Harmonic function H

u
���
Di

= constant on each boundary �Di

Z

⇥Di

��uds = 0

�u = 0 in Rn \D1 ⇥D2

u(x) ! H (x) = O
!

1
|x |n ! 1

"
, as x " #

[Theorem] [Bao, Li, Yin]

|⇥u(x)| � 1

� log �

|⇥u(x)| � 1

�

in the narrow region

[3D]

[Higher]

[Bao, Li, Yin, Arch. Rational Mech. Anal. 2009]
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Higher Dimensions
For any entire Harmonic function H

u
���
Di

= constant on each boundary �Di

Z

⇥Di

��uds = 0

�u = 0 in Rn \D1 ⇥D2

u(x) ! H (x) = O
!

1
|x |n ! 1

"
, as x " #

[Theorem]

in the narrow region

[3D]

[Higher]

[Lim, Yun, Comm. PDE. 2009]

D1 D2!

|! u(x)| "
1

! log !
r1r2

r1 + r2

|! u(x)| "
1
!

r 1r 2

r 1 + r 2
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Multiple inclusions

! 1

! 2

[Theorem] [Boa, Li, Yin]

The known blow up rate for a pair of inclusions 
is still available for multiple inclusions 
in any dimensions (> or = 2). 

|⇥u(x)| � 1

� log �

|⇥u(x)| � 1

�

[3D]

[Higher]

|⇤u(x)| � 1⇥
�

[2D]

[Comm. PDE 2010]

i

ii

i
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Big-Small-Big inclusions

! 1 ! 2

[Theorem][Lim, Yun, JDE, 2011]

! 1

!

|! u| "
1

#
!

1
#

"
for i = 1 , 2.

i
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Stress Distribution
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Stress Distribution
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x
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Stress Distribution
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!
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Stress Distribution

D1

! D2

! u =
!

u|! D 2 " u|! D 1

! |! D 2 " ! |! D 1

"
! ! + O(1)

u =
!
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! |! D 2 ! ! |! D 1

"
! + h
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Circular inclusions

D1

! D2

u =
!
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D1 D2!
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2"
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!

!
"

2
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r 1r 2
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"
! , 0

#
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2
"
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!
! , 0

#

u
!
!
!
D 2

! u
!
!
!
D 1

= H(p2)�H(p2)

= 2
p
2

r
r1r2
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⇥
x
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p
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"
! ! + O(1)

u =
!
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D1

! D2

D1 D2!
p1 =

!
!

"
2
"

r 1r 2

r 1 + r 2

"
! , 0

#
p2 =

! !
2
"

r 1r 2

r 1 + r2

!
! , 0

#

[THM] Circular inclusions

! u =
1
!

r 1r 2

r 1 + r 2

!
x " p1

|x " p1 |2
"

x " p2

|x " p2 |2

"
+ O(1)

[Kang, Lim, Yun] JMPA 2012

u =
!

u|! D 2 ! u|! D 1

! |! D 2 ! ! |! D 1

"
! + h

! u =
!

u|! D 2 " u|! D 1

! |! D 2 " ! |! D 1

"
! ! + O(1)

Circular inclusions
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Stress Distribution

D1

! D2

u =
!

u|! D 2 ! u|! D 1

! |! D 2 ! ! |! D 1

"
! + h

! u =
!

u|! D 2 " u|! D 1

! |! D 2 " ! |! D 1

"
! ! + O(1)
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! |! D 2 ! ! |! D 1 " ! B |! D 2 ! ! B |! D 1

! ! " ! ! B

! u = 2 !
!

r 1r 2

r 1 + r2
(u|! D 2 " u|! D 1 )

"
x " p1

|x " p1 |2
"

x " p2

|x " p2 |2

#
(1 + O("" / 2)) + O(1)

[Ammari, Giulio, Kang, Lee, Yun] ARMA 2013

u =
!

u|! D 2 ! u|! D 1

! |! D 2 ! ! |! D 1

"
! + h

! u =
!

u|! D 2 " u|! D 1

! |! D 2 " ! |! D 1

"
! ! + O(1)

!

Stress Distribution

D2

B2

D1

!
B1
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Stress Distribution

u =
!

u|! D 2 ! u|! D 1

! |! D 2 ! ! |! D 1

"
! + h
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!

u|! D 2 " u|! D 1

! |! D 2 " ! |! D 1

"
! ! + O(1)

D1

! D2
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Stress Distribution
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!
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" #

! D 1
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!
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"
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!
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"
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D1

! D2
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Stress Distribution

!
u|! D 2 ! u|! D 1

! |! D 2 ! ! |! D 1

"
=

#

! D 1

" " h

|! h| ! exp
!

" C
1

#
! + y

"
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!

u|! D 2 ! u|! D 1

! |! D 2 ! ! |! D 1

"
! + h
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!
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! |! D 2 " ! |! D 1

"
! ! + O(1)
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Stress Distribution

! u =
1

2!

! "

! D 1

" " h
# !

x " p1

|x " p1 |2
"

x " p2

|x " p2 |2

#
(1 + O(## )) + O(1)

[Kang,Lee,Yun]  Math. Ann. 2015 
D1

! D2

u =
!

u|! D 2 ! u|! D 1

! |! D 2 ! ! |! D 1

"
! + h D1

! D2

[Theorem]
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 Bow-tie structure 
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 Bow-tie structure 

|! u| "

|! u| "

Refer to Grisvard

!
!

|X |2

41

!
!

|X |2 + !



 Bow-tie structure 

u = c(u)q + ! where

! u = c(u)! q + ! !
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 Bow-tie structure 

u = c(u)q + ! where
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 Bow-tie structure 

We estimate                .  ! ("X )

11
1
!

1
!

44



 Bow-tie structure 

with

! 1 ! 2

! = the function to indicate the angle.
! +
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 Bow-tie structure 

! 1 ! 2

[Lemma]

with
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 Bow-tie structure 

[Lemma]

with

47



 Bow-tie structure 

! 2

[Lemma]

with

for X ! B! \ D1 " D2
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 Bow-tie structure 

! 2

[Lemma]

! q = ( q|! D 2 " q|! D 1 )! !
q|! D 2 ! q|! D 1 "

1
| log ! |

for X ! B! \ D1 " D2

! u = c(u)! q + ! !+

! 1
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 Bow-tie structure 

! 2

[Lemma]

[Theorem]

[Kang, Yun, submitted]

for X ! B! \ D1 " D2

for X ! B! \ D1 " D2
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 Bow-tie structure 

|! u| "

|! u| "
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Thank you
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