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T. W. Ebbessen et al, Nature (1998)
Size of each hole: 150 nm, metal thickness: 300 nm, skin depth: 30nm
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Subsequent Development in Extraordinary Optical Field Enhancem

F. J. Garcia-Vidal et al, Rev. Mod. Phy. (2010)
S. Rodrigo, F. Ledn-Pérez, L. Martin-Moreno, Proceedings of the IEEE (2016)

Il

Applications: Near-field optical imaging, biosensing, novel optical devices....




Possible Enhancement Mechanisms

@ Surface plasmonic resonances in noble metals
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@ Non-plasmonic resonances (e.g., resonances induced by the geometry
of the structure)
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@ Non-resonant enhancement,....




@ There has been a long debate on the interpretation of enhancement
effects. For instance, surface plasmonic resonances strengthen or inhibit
the enhancement? interplay between different enhancement
mechanisms?

@ Other questions: How large is the field enhancement and at what
frequencies?

@ Quantitative analysis of the field enhancement would be desirable!

@ Efficient numerical modeling techniques, optimal design for better
performance.



Focus on a Prototype Structure: Narrow Slits

Pl 24333

Field enhancement for slit structures in perfect conducting (PEC) metals:
e Single slit: resonant and non-resonant enhancement effects.

e An array of slits: resonant and non-resonant enhancement effects, surface
bound state, “surface plasmon" and total transmission phenomenon.

Related work:
e E. Bonnetier and F. Triki (2010): Resonances for a subwavelength cavity.

¢ High transmission for the periodic structures: G. Bouchitté, B. Schweizer,
G. Kriegsmann, and many others in physics literatures.



Electromagnetic Field Enhancement in a Single PEC Slit
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Transmission with metal thickness = 1, gap size = 0.02.
@ Resonant effect
Y. Takakura (2001), J. Sambles et al (2002), F. Garcia-Vidal, et al (2004),
R. Gordon (2006) - --
@ Non-resonant effect
Experiments: D-S. Kim (2009), S-H. Oh (2014)

Answer the following questions:

@ What are the resonant frequencies?
@ Can one characterize the wave modes at resonant frequencies?

@ What induces the enhancement at non-resonant frequencies?




Scattering Problem |

e 7 and u: electric permittivity and magnetic
permeability.

e Time-harmonic Maxwell’s equations
(with ¢~/®* dependence):

VXE=iouH, (Faraday’s law)
V- (1E) =0, (Gauss’s law)
VxH=—-iotE, (Ampeére’slaw)
V. (uH) =0.

E H e Transverse magnetic polarization: H = (0,0, u),
then in a homogeneous medium, u satisfies
the Helmholtz equation

W\ 2
Au+(—> u=0.
C




Scattering Problem Il

1 ul X2
10 Q°

e Normalization: ¢ =1.
e The exterior domain: Q. =Q UQ_ US;.

o TM polarization: the incident magnetic field H' = (0,0,u’), where i’ = ¢4~
k=aw/c.

o The total field ue = o’ + " +u in QF, and ue = 1 (transmitted wave) in Q.
e The scattering problem:

Aug +Kug =0 in Qg,

e =0 onoQ..

v

, g s

rh_)n;ﬁ( 3, fzkug) =0, r=x.



Scattering Resonances and Field Enhancement

Im k

e Fact: The scattering problem attains a unique solution if Im £ > 0.

The scattering resonances are the poles of the resolvent associated with the
scattering operator when continued meromorphically to the whole complex
plane.

) . 1
e Field enhancement at resonant frequencies: O (W)
— Rres



Integral Equation Formulation
1 \\‘ul X2
10 > Q

e Integral equation formulation:

, du ; du .
/r* g (x,y) avgdser/er gg(x,y)a—vgdsy =—@w'+u"), onI},

3145 i aug _
./l"g g‘)'(x,y)sty + (/rg o gfa(x,y)sty =0, onl;.

e Boundary integral equations after scaling (x; =¢X,y; =¢€Y, X, Y € (0,1)):

| _ | /e
) o ]
where T¢, T, and T’ are the integral operators with kernels G¢, G% and GL,

01(X) :== —dyue(eX,1), and @2 (X) := —dyue(€X,0).
-

T 4+T T
Ti Te 4 Ti




Asymptotic Expansions for the Integral Operators

e Asymptotic expansions of the kernels:

GiXY) = %[In£+]nk+]/o]+%ln\XfY\+0((£|X7Y|)21n(£\X7Y\);

) = S (DY) (g, (R
+0(k*e?);

Glx,y) = ero(e*l/S).

e Asymptotic expansions of the integral operators:
_| & B
B B

>

TC+T" T°
T T+ T

oo o

P+KI
+ K+ I

=:P+L.

o

e The system of integral equations becomes (P+L)¢p =f.



Resonant Effect |: Resonance Condition

o Look for k such that (P+1L)¢ = 0 attains non-trivial solutions.

e The operator equation reduces to

MED | (00

<<p,e1>} o

where e; = [1,0]” and e, = [0,1]7, and the matrix
0 1 . <]Lile]7e1> <]L71el>ez>
1o (L7'er,e) (L7 'er eq)

e The eigenvalues of M +1 are given by

M = (ﬁ]HB

2’l (k,g) =1 +(B(k8)+3(k78)) (<L71e17e1> + <]L71e17e2>>7
Aa(k,€) = 1+ (B(k,€) — B(k.€)) ((]L’lel.,eﬁf (L’lel,e2)> .

Resonance condition
The resonances are the roots of A, (k,e) =0 or A, (k,&) = 0.




Resonant Effect Il: Asymptotic Expansions for Resonances

Im k
T 2 3T 4I7T Re k
° ° ° o {0

The following asymptotic expansions hold for the resonances of the
scattering problem:

kpni=2m—1)x+22m—1)n [%slne+ (é + %(21n2+ln((2m —1)m)+ )) e]

+0(e*In’¢),
1 11
ko2 =2mm + 4mm {;sln£+ (E + —(2In2+In(2mm) + )> s] +0(e’In’¢),

form=1,2,3,---,and me < 1. Here oo = (K '1,1), ,and ¢
is the Euler constant.

Remark The imaginary part of each resonance has an order of O(e).



Solution of the Operator Equation at Resonant Frequencies

e Solving the operator equation (P+1L)¢ =f yields

o o
= K '1-|d -0k - el
¢ 10()el+s~ll(el+92)+e~7b

(e1 - 82) +H.O.T,

where a = (K~ '1,1).

e Away from the resonant frequencies, A; ~ O(1/¢€), 2, ~ O(1/¢), and
consequently ¢ ~ O(1).

Solution at resonant frequencies
At the odd and even resonant frequencies k = Rk, | and k = Rk, 2,

= —% +O0(elne), A= —% +0(eln’e)

and
o~0(1/e).




Field Enhancement at Resonant Frequencies: In the Slit
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The wave field inside the slit adopts the following expansion at the odd and
even resonances respectively:

ug(x) = é - m -cos(k(xy —1/2)) + O(In? €)

and
1 2i

e (x) = & kcos(k/2)

-sin(k(xy — 1/2)) + O(In? €).




Non-resonant Enhancement at Low Frequencies |

o

Normalized transmission
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o Expand the wave field in the slit as the sum of wave-guide modes:

b
ug (x) = agcoskxy + by cosk(l —xy) + Z [amexp (—kgmxz) + by exp (—kgm(l —xz)>] cos 7
m>1

where ké’”) =/(mm/e)? —k2.

1 1 1 1 1 1
407 ksink [“*0("8)] ' <s./11 + s%z)’ U= [“+O(k8)] ' (e~/11 - e~)L2>’

Vmlaw| < C, mlb,|<C, form>1,




Non-resonant Enhancement at Low Frequencies Il: In the Slit

elfk<landex 1,
ug(x):< a , @ >‘cos(kx2)+( o o >.cos(k(17x2))+H.0.T

8'2,] 8-2,2 ksink 8*},] 8-2.2 ksink
=2x, 4+ O(k?) + O(eln(ke)). (The leading-order term has a slope of 2)
e By Ampere’s law, the electric field E = [E¢ 1, E¢ »,0], where

L O(emn(ke) /) +0(k) and  Ees ~ O(exp(—1/€)/k).

‘/0 k

No significant magnetic field enhancement is gained. However, the electric field
|E¢| ~ O(1/k) or |[E¢| ~ O(1/(k0)) if £ # 1.

|Ee| /|E™ | for k= 0.1. Left: £=0.1, € = 0.01; Right: £=0.01, and & = 0.001.
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Scattering by A Periodic Array of PEC Slits
1 \ui _ el(xxl—;xz)
10 Q°
|’ -

d -

* A periodic array of slits: Se = | J <S§0) +nd>.

n=—sco
e The scattering problem: Aug +k%ue =0 in Q¢ and dyue =0 on 9Q,.
o Look for quasi-periodic solutions such that ue (x; +d,x2) = ¢/*ug (x1,x,).

e Outgoing radiation condition: the scattered field

(Xl X2 Z u)i iK,x1 £i8ux0 in Qi

n—=—oo

where

k2—K2

n

27n || <k,

K,=k+— and &, (k)= {
d i

KZ—kZ,  |kq| > k.



Three Configurations of Periodic Slits

>
~
R

N

e Normalization: £ =1.

e Three configurations of periodic slits:
() €< d~ A~ O(1): diffraction regime.
(I) € < d < A: homogenization regime |

() € ~d < A~ O(1): homogenization regime |



Diffraction Regime: e < d ~ A

e Reduce to the first Brillouin zone: x € (—n/d, n/d].
e Exterior Green’s function in Q*: g5 (x,y) = gg(x,y) +g§’(x’,y), where

- 1

l i —v i Xy —V
g’?(X}y) = _Td ; I’l(k) e”cn(x' )I)+ C"(k)l : )2‘7

and

Kn=k+— and §, (k)=

27n kz_Kr%v ‘Kn|§k7
d l

K2 —k2,  |Ky| > k.



Diffraction Regime: Integral Equation and Asymptotic Expansion

r, Xy

e Integral equation formulation over one reference period:

Jue Jue

d;/ L (x,y) =—dsy = —
S gen Gt [ ghlen) Gidsy = ~(u

8 due ; Jue
C(x,y) =—dsy : ——dsy =0,
/1_‘; gt(x,)) v Sy + rfurs gs(xvy) v Sy )

)

1

e Boundary integral equation after scaling:
TE+T T
T T + T

T is the integral operator with kernel Gf ,:
1 i

1 T 1 -
G . (X,Y)=— (1 In2+1n— — — =
t_e( ,Y) n_(n£+ n2+ nd)Jrzn_IZ ] d,,;w ,7(/\')+

1740

o Asymptotics of integral operators and the resonance condition can be obtained!

i +u"), onTy,

onT;.

1
—In[X — Y|+ O(e|X ~ ¥]).



Diffraction Regime: Rayleigh Anomaly Frequencies

e Rayleigh anomaly frequencies: k = k,, = k +27n/d or §, = 0 for some n.
Note that the scattered field

k2 — k2

no

‘Kn| S k7

o) = Y R g ) =
n=—co ivVKZE—K2, Ky > k.

e Resonances away from the Rayleigh anomaly frequencies: consider the
domain

Dysy=C\BesN{z|lzl <M}, whereB,s:= | Bs(k+27n/d).

n=-—oo



Diffraction Regime: Resonances and Eigenvalues

For each k € (—x/d,n/d], it mm € D, 5y, there exists a resonance or an eigenvalue k,
in the neighborhood of mm.

@ If mm > |k|, ki is @ resonance. Otherwise, k,, is an eigenvalue.

@ The following asymptotic expansion holds for k,, if me < 1:

1 1
K = m7 +2mm [Eelne+ (& +y(mm, K,d)) e} +0(e*In’¢),

1 T 1 1
= (K '1,1), y(k,x,d) = — (3In2+In = — N —= .
Here o = (K~'1,1), (k. x,d) = — (3In +nd>+(2nn§,lnl )
1 1 )
k o Imy(mm,x,d) = —— <0if mm > |x],

d |k | <mm Cn(m”)
and the resonance has an imaginary part of O(¢).

o Im y(mm,x,d) =0 if mr <|xk|.
e The eigenvalue occurs only if < 1.

x ® The eigenmode u} is a surface bound state
(decaying exponetial away from the grating surface).




Surface Bound State
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Diffraction regime: Field Enhancement at Resonant Frequencies |

e Solving the operator equation (P+L)¢ = f yields

o = K'l-|k-001) e+

o
(e1 +e2) + £ 7 (e1 792):| +HOT

a
8<)L]
and

Mkx,de) = 1+(B+p) ((L*'ehel) + <L*1e1,e2)) ,

hkxde) = 1+(B—f) ((]L"el,e1> - <]L’]e1,e2>) .

e Away from the resonant frequencies, A; ~ O(1/¢), A, ~ O(1/¢), and consequently
o~ O(1).

Scattering solution at resonant frequencies

At the odd and even resonant frequencies k = Rek,,; and k = Rek,,»,
M =i-lmy(mr,x,d)-a+0(eln’e), X =i-lmy(mn,x,d)-o+0(eln’e),

and
o~0(l/e).




Field Enhancement at Resonant Frequencies Il
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In the slit S

The wave field adopts the following expansion at the odd and even resonances
respectively:
1 i _ 2
ug (x) = ¢ " Tmy(mm, ) ksin(/2) cos(k(xp —1/2))+O(In" €)
and : )
. ¢ L _ 2
ug (x) = e Tmylmm ) koos(/2) sin(k(x, —1/2)) + O(In“ €).




Homogenization Regime |. e < d < A

o

1(

o No scattering resonance or eigenvalue exists if k < 1 (or A > 1).

d

e lf e < 1andk=e%,inthe reference slit,

[« o cos(kxy) a  a ) cos(k(l—xp))
”E(x)_<g</1,+g-xz> ksink +<£»/1] e-/lz> ksmk 0T

{2XZ+0(520)+0(810) ifo<o<l,

1+id-cos8(2x, —1)e°~! + 0(e°H) + 0(e2°~ V) if 6> 1,

o No magnetic enhancement is gained. However, the leading-order term has a slope of
2 and 0(e°~1) respectively .



Homogenization Regime |: Non-resonant Field Enhancement

>
o
o}

Electric field enhancement
If e < 1and k =€°, then E¢ = [E¢ 1,E¢2,0] in the reference slit, where

2i

1 .
-—+4+HOT if0<o<l,

VTo/lo €°

Eeql = and Eg, ~ O(e”/%).
e dcos® 1 e ( )

Z+HOT ifo>1,
V/MHo €




Homogenization Regime ll: e ~d < A

&
en:=¢/d,where0<n<1.

e Asymptotic expansion of the scattering solution can be obtained, using the expansion
for the periodic Green'’s function:

GE(X,Y) = %mz— ’Cﬂg +%1n\sin(m](XfY))\+ K—g’(xfywo(e),

where k2 4 ¢ = k2.

e Solving the homogeneous scattering problem leads to
R _ cotk 1 in\1 3In2] /., 51 B
Ai(k,€) =1+ K ek C>8+T } ((JL er,er)+ (L e17e2>) =0,

R B cotk 1 g\l 3m2)/., e B
/lz(k,s)._l-&-{( Z Teink C)8+ p. }((]L er,er)— (L el.e2>>—0.




Homogenization Regime II: “Surface Plasmon"

There exist two groups of dispersion relations satisfying |x| > k, and their leading

. 2
orders are: k =kq/1+n? il , —¢e/d.
cosk=+1 N

o The associated eigenmodes u; are surface bound states.

e The dispersion relations and surface bound states resemble the ones for surface
plasmon polaritons in the dielectric-metal configuration.

V2¢

(742 244)
.
(75, 44

o




Homogenization Regime II: Total Transmission

2]

“d

o Scattering by an incident plane wave u’ = ¢/(**1-¢(2-1)) 'where k = ksin8, { = kcos 6,
and |k| < k.

e The leading orders of the reflection and transmission coefficients are

itank - (n? — cos? ) 2cos 6N

Ry = , Ty= .
O~ Titank- (N2 +c0s20)) +2ncos®’ ° isink- (12 +cos2 @)+ 2cos0 -1 cosk

e Total transmission is achieved when k = mr (Fabry-Perot resonance), and all
frequencies for a special incident angle 6 such that cos 6 = 1 (Brewster angle).

0=0 0=r/3 6=4r/9
f\ f\

1 N N ; . T—_—— . 1
\ N N N [ [—mE — IR \ N\

\ /\ /\ /\ [ |=m? — T \ [\

/ / / / 081 |




A Quick Summary

Field enhancement for PEC metals:
e Single slit: resonant and non-resonant enhancement effects.

e An array of slits: resonant and non-resonant enhancement effects, surface
bound states, “surface plasmon", and total transmission.

o Asymptotics of resonances/eigenvalues are derived, and the enhanced
wave modes are characterized.



Outlook

@ Field enhancement for “real" metals:
o Shift of resonances
e Field enhancement at the presence of metal loss
e Plasmonic effect

@ 3D subwavelength structures: quantitative analysis

Thank you for your attention!



